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Phase Eransition

Ref: Lev Landau, Zh., Eksp. Teor. Fiz. 7, 19 (1937)

How physicists think about phase transitions?
Conceplt: summebry brealkein
Landau Ekeor:j { i J ¥
Observable: order pcxmme&er

Order pamme&er
(Magnetization)

il
)

High T (disorder) Low T (order)

AN
€877 IREREERE




Phase Eransition

Ref: Lev Landau, Zh, Eksp. Teor, Fiz. 7, 19 (1937)

How physicists think about phase transitions?

Second order Fkase Eransikion:
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F(T,M) = Fy + ao(T — T,)M? + EbOM‘* +
b\

Maghetization (M)

oF
= — = 2a¢(T — T)M + 2bM> =0 Preteett
oM RRRRRRE
ERRRARE

5 T

0
= i
\/——(T PR, Sl

M




Phase Eransition

Ref: Physics Today 63, 33 (2010)

Before 1970 ...

Cr:js&o& Maginet Supercomduc&or

fwg
Symmetry Eranslakional rotational U(1) gauge
brolken summekr summekr symnekr
J J J J J o,
b CoRnge Maghetization Superconducting

parameter density gap



Quoantum Hall effect

Ref: A-APPS Bulletin 23, 3 (2013)

Hall effect

(1%79, Edwin Herbert Hall)

Classical

transverse Pxy
resistivity

Prx

longitudinal resistivity

resistivity p

magnetic field B

Quankum Hall effect
(19%0, Klaus von Klitzing ) ——
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Quantum anomalous Hall effect

Ref: A-APPS Bulletin 23, 3 (2013)
Ref: Phys. Rev. B 7%, 195424 (200%)

External magnetic field mp Internal magnetization

Quantum Hall effect Quantum anomalous Hall effect
(EF 2% AR )

SjmmeEry remains unchanged
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Topological phase transitions
(Band theory point of view)
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Topotogieat makerials



Cutline

® Band theory
Band structures: Bulk states, surface stokes

OTOFOLOSE,CQL band &hﬁorv

Basic concepts and properties of topological band structure

® Topological insulators (Non-magnetic)
Strong topological tnsulators
Weak topological tnsulators
topological erystalline tnsulators

® Topological nsulators (magnetic)
Ferromagnetic topological insulators (axion insulators)
® Orbital Hall effect
Feature spec&rum Eopotogv
Orbiktal Chern insulabors



Rand %keorv

Band skructure

Energy (E) Coc 7 48)
Energy (E) .

4 A Conduction
Stngle Lattice (periodic potential) | ) ib:nd £
aktom e 5 i \/

LPerML
T ST Bloch wavefunction /\\ite.vet
AV Ak . Valence
> Y(r) = e ulr) | |
electron g

—1/a 0 m/a
Momentum wave vector (k)
Brillouin zone

(32 ~%)
EMWP EY T daloion
Fermi a\'/
levelEsser 25 ; 3 FI """""""""""""""""""""""""" :) """""

Eleckron move

Momentum wave vector (k)



Band Eheorv (surface stake)

Boundary of
the material

X Y@= e Tu(F) surface ma\/jtw

.
Eherqgy “TBulk band Enerqgy “TBulk band
© 1 © 1 2D Surface
skakes (5S)
...................... = = T T el
Bulk band Bulk band
> >

Momentum wave vector (k) Mowmentum wave vector (k)



Cutline

OTOFOLOS}L@QL band &heorv

Basic concepts and properties of topological band structure



Band theory (&opomgj}

M&%h — T’QQL SPQ{‘:Q Grauss-RBownnel Theorem:
f K¢aussds = 4m(1 — g)
— ' 3 S f f
\g‘ fl Grauss genus

curvature
genus g=0 9=1 g=

‘ths =» momenbum space

k-veckor k-vector

P ) (2017) F e PP R SR LA 2% (E5)



Band theory (&opomgj)

wavefunction  Total

of orbikal wavefunc&ion
(QDA,B |Lptot>
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Band theory (&opomgj)

Ref: Phys. Rev. Lett. 49, 408 (19%2)
Ref: Phys. Rewv. Lett, 61, 2015 (19%%)

Math => real space ‘ths => momenkum space

ToPoLogicaL
TKNN Eheorem: avarianks
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Grauss-Bownnet Theorem:

J Kgaussds = 4m(1 — g)
S

s %

curvakure

Berry curvabure
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Bloch wavefun

—

Berry curvature: 0=V xA=7x i<um|\7|um> ?



Band theory (Eopoi.ogj)

B@.T"rj connection Veckor Po&em&iai
Band structure A, = i<uk||7k|uk> A
Energy (E)
1 A 1
Bloch § Berry curvature Magnetic field
wavefun | R e o4 N

il“k) .Qk=VkXAk B=VXA

i \‘O
g = —a> Topological tavariants Grauss’s Law
Momentum wave vector (&) o 5 iz dzkﬁmk fﬁ ;e

2T BZ i

=0 Ordimar\j insulator
n = integer : Topotcgicat nonkrivial
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TOF»Q logical tnvariants

Band theory (Eopoi.o
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Band theory (&opomgj)

Buiwﬂbcm\darj corres pondemce(ﬁi—;% A4 )

Surface/Interfoce

band insulator
or vacuum

The gapless bcmmdo\ry state is the hallmark of topological phase

Ref: Rev. Mod. Phys, 2, 3045 (2010)
Ref: Rev. Mod. Phys. ¥3, 1057 (2011)



Band theory (&opomgv)

Ordinary insulator  Topological tnsulator

peri?dic
z :
I per;odic
vacuum
| X W\
I periodic 05 /‘ \\._A

Momentum wave vector (k) Momentum wave vector (k)



Topa-wgitat band Ehemrj (Summar:j)
(1) Robust

n=0 n=0 n=0 n=1

1N e e
AR S

(2) Topological invariants (math)

Cherin number, Z, index, mirror Cherin number,
chiral charge, winding number ... etc

(3) Gapless surface states (measurable)

Normal insulabtor Normwal metal Tczx:i?o?&;c:\ ; \/\/
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Cutline

® Topological insulators (Non-magnetic)
Strong topological tnsulators
Weak topological tnsulators
topological erystalline tnsulators



Strong Ea—pamgwal tsulator

Topological variant of topological insulators: Z, index
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Strong topological insulator Z=(1 10,00) s R S oSk ARoch)

U
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Strong topological insulator Z.=(1;0,0,0) Ref: Phys. Rew. B 76, 045302 (2007)

A Y M Lol Sl Z T
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Weals topological insulator Z,2(0;0,0,1)

e.9. f-Bij, (o01) (o10)  (100)
y R ‘
Z # i 'ij
o
F K4 :X

Dark surface



Weale &opatmgwat tnsulabtor: ARPES measuremenkts

Ref: Phys, Rev. B 76, 045302 (2007)
Ref: Phys. Rev. Lett, 116, obtgol (2016)
Ref: Nafure 866, 1% (2019)

(001> Dark su.rﬂfm:e (100) Side sMranca

p-Bill,

B-phase  (001) surface Brillouin zone

(100) surface
Brillouin zone

Bulk Bnlloum




Topatog&&ai ers&attane tnsulakors

Strong topological sulators Z,=(1,0,0,0)

Weal topological insulators Z,=(0;0,0,1)
7
1f z,=(0;0,0,0) — Ordinary band nsulators

l mirror F»i.aue, rotakion ... ekc

Gopless topological surface states

!

Tapaiagi,cai i:rvshitima tsulakbors



Z;Z:(O; o, O,G)

(Cin') Ref: Nabk, Commun., 3, 9%2 (R012)
Y M
s e R
U 1 Mirror Cherin number:
J»
——————————————————— X s (Cyi —C_y)
¥, ) i 2
.......... et
<M where C;; is mirror eigenvalue

..................... X gapless

(o10) e.q. Cy =2 => two gaptess SS

Mirror

Pl.ow\e

2‘23(0;0;010>
(o01)
Rotational = 25 Ref: Nabk. Commun, &, 50 (2017)
axis Y M Ref: Nabk. Commun, 9, 35§30 (201%)
T g EmEwny L i ' 2 1
TR \ Symmetry indicators:
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Togotogicat crjs&atume insulator (robation):
Materials predw&wm

2D Mater, & 031004 (2019)
PNAS 116, 13285 (2019)
Nak. Maker, 21, 1111 (R022)

Bulk Bi

Previous studies: Normal insulakors

\

Cur sktudies: Robakional TCI



0dd vs Even number of
band itnversions

OGV Strong TI (Z,=1)
Band

UAversion

2,,#0 Weak TI (2,=(0;0,0,1))
even /
Z,=0 | TCI (mirror
2\ Add&i()h&{. 0/' Mi.rrog Chern nu?nber

symmetry TCI (rotakion)

Z, invariant for C, rotation



Cutline

® Topological insulator (magnetic)

Ferromagnetic topological insulators (axion tnsulator)



Magnhetic topological materials

E
© {

Bulk band

Bulk band

>
Momentum wave vector (k)

Internal maghetization

Ref: Phys. Rewv. Lett. 101, 146%02 (200%)
Ref: Science 329, 61 (2010)

Bulk band Bulk band

2D Surface

state \/113 edqge state

-------------------- =~ Y A ey o
Inkternal

maghetization /\

Bulk ban Bulk band




Maghetic topological materials

Ref: Science 340, 167 (2013)

Cry 15(Big 1Sbg o) g5Te;

The lowest sub-bands
with broken TRS

Energy “UBUIK'band Bulk band Bulk band
) 4 2D ‘Sur{o&:e \/
state 1D edqge state
fffffffffffffffffffff EF A / e
Inkernal
magnetization /\
Bulk band Bulk ban Bulk band

>
Momentum wave vector (k)



Antiferromagnetic topological material:
MV\BE«RTQ,@ (MBT‘”lZ‘%’) Ref: Nature 8§76, 19 (2019)

Ref: Phys. Rev. X 9, 04103% (2019)
Ref: Science 367, %95 (2020)

Hall effect
Crystal (strong B field)

hv=9eV, T=17K

BCB

Dirac cone

00000




Ferromaqhetic Eopa Llogical material:
MV\B it?Tels ( MBTﬂl 2'1 3) Science advances &, eaba4275 (2020)

MnBi Te, 5

MnBi Te,, @

y
o =M
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o =S :
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suTe, o  (EEEN]

2 ¢
g % Topol.ogicat tvariank

ot a5 oy,
MnB12Te4 1 2
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Axion thsulator: MnBigTe,

Scienmce advances &, eaba4275 (2020)
Phys. Rev. B 104, 054422 (2021)
Nafure 898, 821 (2021)

Expa&%ad observations in axion ithnsulator:

(1 Gapped surface states for all terminations

BizTe.B MV\B igT?.lg éRPES Theory
bulk bulk |
time- L gap gap
e =
Preaking 1 M
2D SS >
bulk bulk

(2) Half-integer surface Hall conductivity

= 2 96 o .
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Ref: PRB 9%, 11510% (201%)
Ref: PRB 9%, 245117 (R01%)



Unique phenomena in magnetic T1

Single Dirac cone Dynamical axion quasiparticle
(PQrLEj QV\OMO\L? ?) (&XE«C}V\ AQ&QC&OT' ;?)

Advanced Materials 3%, e10754 (2026) i
— Nabure 641, 62 (2025) Dark-matter axion @°"(t)

-

MnBi,Te,
DAQ Bquasi(t)

Terahertzlphoton

Single-photon detector

#st\

o
Ko 49”“"\@‘ <2

- o2
O G

o (GeVT)

Axion—-photon coupling g

l,).‘35 0.5 9 0-5 1 0—4 1 0_3 10_2
-2
e Dark-matter-axion mass (eV)
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® Orbital Hall effect

Feabure spe«c&rum Eopoi,ogv
Orbiktal Chern insulators



Hall effect (metal)

Ref: Sciemce 306, 1910 (2004) Ref: Nature 619, 52 (2023)
Ref: PRL 94, 047204 (2008)

Degree O«f ec ; S‘i : Zi

freedom Charge Spin Orbital
Hall (Anomalous) Spin Orbital

responses Holl effect Hall effect Hall effect

Mebal < Xx

Ly




Hall effect (insulabor)

Ref: PRL 98, 226%01 (R005)

Ref: PRL 61, 2018 (19%%) Ref: PRL 95, 146%02 (2008)

TOFOLOSE,CQL : C’.kei.'rhg 2D Topological nsulator Orbital Chern tnsulabor
stake iy e (Spin Chern insulator) This work

Topological
év&armm&s C Cs; Lo C L =



Feabture Spe&&ru,m Tc;a-pwmﬂj

Ref: E. Prodan PRB %0, 126327 (2009)
Ref: H. Lin et al. Communications Physics (2026)
YT Yao ek al,, PRB 109, 1585143 (2024)

ﬁF0|(I§mk> = (Pép)lqgmk> 2 0mk|$mk>

Fo = feature operator

~

= operator, e.q. S,, Ly

i projec&mr = Z |unk)(unk|
x Bloch wavefunction

neocc.
of valence bands



Feabture Spe&&ru,m Tc:a-pmmﬂj

Ref: £. Prodan PRB %0, 126327 (2009)
Ref: H. Lin et al. Communications Physics (2026)
YT Yao et al,, PRB 109, 155143 (2024)

ﬁF\0|(I§mk> = (Pap)lqgmk> e Omqusmk>

Rand skructure Feabure speckrum
Feakure
opera&ar

Fpiz (PSZPl

Tapaiagiﬁai tavariant : Orbikal Chern number
I_

I
< - G e
F, =PL,P ‘ e - L




Orbikal Chern number

Fho SF?L‘\OT‘QV\Q YT Yao et al,, Rep. Prog. Phys. ¥9, olgool (2026)
.n" ./ .’ sb%& VLEN ‘\ . < :/\ . <»3 [/ . <\‘
1 . K . N N Y
: \\v__/;/ \\\v_\///
. \. \. \. T ) D o 1

Feabkure opem&ar:
B =PL,P

Orbital Chern

number:
I, I
CL ¥ CL

(A= =l
3 2




Buﬂ&mBauv\c&mj C‘.Orres[aosr\ci@.mee

YT Yao et al,, Rep. Prog. Phys, ¥9, olgool (2026)

Edge band structure Edqge feature spectrum

| Feature
—

bulk state

Co e

C, = — |
: 2
Feature = energy duality: C;=0+1 v1vao et ai., PRE109, 155243 (2024)

Gapless edge states Gapless edqge states
in band structure  n reature spectrum



Orbikal Hall tohdu&&v&&j

YT Yao et al,, Rep. Prog. Phys, ¥9, olgool (2o26)

4t Bulk Band

Orbiktal Chern insulator




Conclusion

Strong TI (Z,=1)

odd
AFM-TI (Z.=1 ;S-‘s:’mme&rv)

Band
tversion Z,+0
Z,#0 Wealke TI (Z,=(0;0,0,1))
\ ..ebc
even
FM axion (Z,=2)
sz.-‘:o
Fa 0 TCI (mirror)
-..ZEC Addikional / Mirror Cherin number
! symmelry TCI (rotakion)
“ Z, imvariant for C, rotation
Geomebrical structure of X

electron wave function

qu = Gy E-qu

i P w/o symmetry

Feature Spectrum Topology
e.q. Orbital Cherin insulator

Quantum geometry engineering: How to manipulate the
geomelric properties of electron wave function
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Ref: Phys. Rev. Lett. 131, 240001 (2023)

Trivial quantum

geometry

Ju™

N

Uy + Ak>

\

Nontrivial quantum
geometry

|uk +D«’\ 6‘
e U




Topology

Trivial / ’

C=0

Non-trivial
C=1

~ QAHE
(Chern Insulator)

FEk EHE (Hairy ball theorem)

TEAREAER BRI BKTA | - HAE
Higa At AZENYRES et
{FAEHY

On the even-dimensional unit
sphere, a continuous and
everywhere non-zero tangent
vector field does not exist.






Band theory (&opang)

Practically... chemical bond order
Na+CL > NaCl (Na~+CL-) Energy state
obey Na*
e

CL-

Topotogicat Erivial

Gk
\
violate Na*

Tepotog&ccxt nownkrivial



Vector of wavefunction 1s well-
defined (smooth and continue)
in the whole BZ

¢ Adk = 0,
where A = i<uk||7|uk>

Brillouin zone

- > >
- > >
- > >
- > >
- > >
i e
e e

tre

wavefunction is smooth

Vector of wavefunction 1s 1ll-
defined in the whole BZ

j@ Al 7@ A,dk = 2mn,
Bz—-P P
wheren = 0,1,2,3 ...

Brillouin zone

wavefunction is NOT smooth



Ref: Nabk, Commun, 12, 6251 (Ro21)
Ref: APL Mater, 9, 060901 (2021)

Mag Mﬁ% E‘& m emo T’ v Ref: EE Times, Grary Hilson 09.26.2021

Traditional

Top Mag. layer
READ AND oxide

WRITE PATH , ) spacer H—

X

| Topological
insulator

Bottom
Mag. layer

D W——

.

Bulk CB

></ Topological
, surface

state

Bulk VB

k-vector



Ferromagnetic topological material:
MV\B Eﬁ‘i’Tﬁl 2 Ref: Phys. Rev. Lett. §%, 1799 (19%7)

Ref: Phys, Rev. Lett. 102, 146%05 (o09)

hypothetical particle to resolve the strong CP problem in QCD.

F. Wilczek (19%7): e

N S strength o
Axiown etea&rodjmamics Lagrangian ALy, = k0 = 9 F.B  axion field
Maxwell's equations with axion modifications:

S AN — L oy is $rdS Wil g 0 Al b2 e = T2 A 22
V-E=p-x(6:B), V-B=0, VxE=-, FxB=]+2+x(V6xE +2B).

i 1 1
Free enerqy: F = Fy — PE; — M B; — - €0€;;E;E; — = uop;jB;Bj — a;;E;B;

2 2
Polarization: p, = Pf + €€, E; + a;;B; Magnetization: M; = M{ + pop;iBj + a;;E;
He?

Magnetoelectric coupling factor: aij = @; Oij
5 Normal insulator
- =0
A0 A, —i=A;A;A |
FUTHe T3TREITH Axion tmsulator
0=m

_I_ s SN
21Th

1 X
Insulator:9 = —= | d3kelkTr
BZ




Ferromagnetic topological material:
MMB E"‘i’Tel 2 Science advances &, eaba4275 (2020)

Phys. Rev. B 104, 054422 (2021)

(2) Half-integer surface Hall c:omduc&ivi,&j

Moaxwell q. . an axion nisulator

S BT &l <% e
. — — e & =g skrenqth
ViD= meine = pr B WIS e — oo n 0 SR

V-B=0 _
=% 0B
XE=——
ot 5
PRH L T, e B
= _ — i X S
£ 4 pe Tlomias T ot
= ' : D — Ref: PRB 9%, 11510% (201%)
assume 8 = 6(z) is a step function, and B = 0 'th PRE Sl (2015
i 2" 99 F - ooBiE e
=——72 = 0Z
i 2mh 0z I anion
7-[ 1
at the surface — = nd(z;) i
0z S
y) > i Yvacuum
e le i A
S :Iurf - 0 7 > 5



3D bulk

3D bulk

Axion

3D bulk

Chern insulator

.

bottom _
J.'x.'y -

N
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Nakure §95, 5§21 (Ro21)

Lajer Hall effect
(AFM-TI, MnBi,Te,)




‘P&r&v

Berry
curvature
0,

Bi/SnSe+FL




Topology: non-conserved quantity

YT Yoo et al,, PRB109, 185143 (R024)

S, conserve Spin-up Cherin number
' 5 A2kl (k) =l =1
I i) Basis Hiuy = z 5 0

H+ 0 |T> m=occ
L QAH 5% ‘ g
% < 0 g HQAH>|l) SPLV\"‘C&OWV\ Chern number

Hyuy Haldawne Hamiltoniawn £ 21, Ol RSP
ool i zm:zocc kOl =Cl =1
CT 2} Cl
‘ Spin Cheria number (C,) : C, 5 s : ) _ 1
S, noh-conserve INve and |1z mixed
T 1) Basts How do we define topological invariants?

1 <H5AH _fIR> |T)
Hr  Hgan) |l) ‘
Rashba/ \ To separate the mixed non-conserved
SOC  Hyay Haldane Hamiltonian cheqrees of freedom in the valence band



Feabture Spe&&rum TQPQLOSj

Ref: £. Prodan PRB %0, 126327 (2009)
Ref: H. Lin arXiv:2310,14%32v1 (R023)

ﬂF\o |$mk> == (P@P) |$mk> = Omk |$mk> YT Yao et al,, PRB1LOY, 155143 (2024 )

0 = operator, e.q. §,, [, Projector: P = z s (k| g e, wavefunction

i 3 neocc. S of valence bands
Feature eigenvalue =0, i

Fealure Bloch state = |tni) = P|dmk) = Z (Unte|Pmic) [unie)

neocc.

Tc:-po!.c«gi{:at tavartank
Feabure Chern number




Feakure Spe@&ru,m Tc:a-pc:ri.ogj (S2)

YT Yoo ek al,, PRB1O9, 155143 (2024)

Feature operator: fF\O = POP => ﬁsz = PSA'ZP

reakture speckrum

Eigenvalue of s,

S, conserve ,
(S, conserve)

1) |1) Basis

e <H5AH : >IT>

3 h
$ s
0 Haan 11 | Wnk) = % > Vi)

S, hoh-conserve

Feakure Cheri number

G
S

I |I) Basis

H =5 T
HM:(?]:H R) IT) »

Hoan) |1

1




PRB109, 165143 (R024)

Feature-enerqgy dualiby

Band # of gapless Eeak # of gapless
(w/o f]") Edﬁ)e SEOEQ.S Qz }:: ET zclge. s!:ag:es

1 - K 1 ™
S " =1
Vi

k-vector

or (w/ 7Y

P |

Energy

k-vector
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Material realization BiL Br,

Spin Hall conductivity (layered Bi,Br,)
based on standard Kubo formula
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